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 THE MATHEMATICAL GAZETTE.
 but (iii) seems to me by far the most instructive. And if the
 objection is raised that the range of ideas required for (iii) is
 impossible for schoolboys, I should reply first, that, if this is so,
 then Higher Trigonometry, except in so far as it is concerned
 with finite series and products only, had better be postponed;
 and secondly, that I do inot believe that it is so, and that a wider
 range of general ideas and less practice in detailed application
 of them is precisely what is wanted in elementary teaching, in
 Analysis even more than in Geometry. G. H. HARDY.
 A NEW CUBIC CONNECTED WITH THE TRIANGLE.
 THE locus of the points of contact of tangents from A to the
 conics of the confocal system with foci B, C is the same curve as
 the locus of the feet of normals from A to conics of the system.
 For any tangent AP to one of the conics is a normal AP to the
 orthogonal conic of the system through P. Hence if the co-
 ordinates of A referred to BC and the perpendicular bisector of
 BC be xoyo the equation of this locus is the eliminant of X
 between
 x2 y2 X _ X Yo- Y + b2 , = . a2+X 2+ 2X x y2
 a2 + X b + X
 Thus the locus is the cubic
 [x(x - 0)+ y(y - y) ][yx0 -xy] = (a2 - 2)( -X0)(y- y0).
 The cubic is shown in the accompanying diagram.
 The points (? +/a2 -b2, 0) and (0, + 2/b-a2) are on it,
 i.e. it passes through the real pair of foci BC of the system and
 the imaginary pair. It also passes through the circular points
 at infinity.
 The points (x0, 0), (0, y0) are on it. Thus it passes through the
 feet of the perpendiculars from A on BC and the perpendicular
 bisector of BC. This can be seen geometrically since these feet
 DD' are the feet of normals from A to limiting conics of the
 system.
 The point A is on it and is a node the tangents at which are
 the bisectors of the angle A, as is seen by considering the
 limiting ellipse and hyperbola through A.
 Again, if P is any point on the locus, AP being a tangent to
 one of the conics bisects the angle BPC either internally or
 externally and conversely, any point having this property is on
 the locus. But Fermat's point, F, has this property, hence it is
 on the cubic. Also the focus of the parabola which touches
 AB, AC at B and C has this property. Hence this focus S is
 on the cubic.
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 The real asymptote of the cubic is
 Xo -xyo = Lt. ( -2)(x - xo)(Y- Yo)
 yx(XXLt. o)+y(y_-o)
 where x=, y = Y and t approaches c .
 t
 Thus it is y-y (a2 2)X2Yo
 Y XYO= o 2+y02'
 Thus it is parallel to the median AA'. The intercepts on the
 axes are
 (tC2 b2)Z (a2_- b)yo
 2 + y02 ' 2 + y '
 A'C2 A'C2
 i.e. -A A'D, A 2 AD.
 Any conic of the system is cut by the cubic in 6 points which
 are the feet of the four normals and the points of contact of the
 two tangents from A to that conic.
 The external portions AD'B, AC of the cubic consist of the
 points of contact of tangents from A to those ellipses of the
 system for which these are real, starting with the ellipse through
 A and ending with the line BC. The portions A oo B and AFDC
 consist of the points of contact of tangents from A to those
 hyperbolas of the system for which these are real, starting with
 the hyperbola through A and ending with the line hyperbola,
 vertices BC. Of these tangents the pair corresponding to any
 one hyperbola touch the same branch until one of them becomes
 parallel to the asymptote of the cubic, i.e. coincides with AA',
 after which they touch different branches. Now the second
 tangent of the pair, one of which is AA', is the isogonal line to
 AA', i.e. is AK, where K is the symmedian point. Thus if AK
 meet the cubic again in L, the point L has the property that the
 hyperbola of the system that passes through it divides those
 hyperbolas for which the points of contact of tangents to them
 lie on the same branch from those for which they lie on different
 branches.
 Again the external portions D'B, YAGC consist of the feet of
 normals from A to the hyperbolas of the system, starting with
 the line hyperbola A'D' and ending with the line hyperbola,
 vertices B, C. Also the portions oo AFDC, oo B consist of the
 feet of the normals from A to the ellipses of the system, starting
 with the infinite circle and ending with the line BC. The cubic
 is touched at T by one of these ellipses, and all smaller ellipses
 cut it in 6 real points, i.e. have four real normals from A. For
 the ellipse that touches the cubic two of the four normals
 coalesce in AT. Thus since no other ellipse and no hyper-
 bola can be drawn to touch the cubic except at A itself, as an
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 examination of the figure proves, we have a theorem that only
 one conic of a confocal system has a point on it the centre of
 curvature at which is a given point A.
 The figure has been drawn for the case in which B and C are
 acute angles. In the case of one of them being an obtuse angle,
 there is only a slight modification of the figure. For instance
 the conic in this case which has A for the centre of curvature of
 a point T on it is seen to be a hyperbola.
 The following table follows from an examination of the figure
 drawn for the case of B and C acute angles:
 Number of real Number of real
 Tangents from A. Normals from A.
 Ellipses from circle at infinity
 to ellipse through A, 0 2
 Ellipses from ellipse through
 A to ellipse through T, 2 2
 Ellipses from ellipse through
 T to line ellipse, 2 4
 Hyperbolas from line A'D' to
 hyperbola through A, 0 2
 All remaining hyperbolas, 2 2
 H. L. TRACHTENBERG.
 THE PSEUDO-DEFINITION OF THE STRAIGHT LINE.
 WE recognise as decadence the substitution for Euclid's theorem
 I. 20, "Any two sides of a triangle are together greater than
 the third side," of the objectionable pseudo-axiom, "A straight
 line is the shortest line from one point to another."
 This phrase, as Hilbert has well said, is of necessity meaning-
 less when the concept " length of a curve" has not been defined.
 Every book on elementary geometry which has introduced as
 axiom or definition of a straight line any phrase equivalent
 to "A straight line is the shortest distance between two points,"
 every book which has at its beginning as axiom or definition
 of a straight line any phrase equivalent to "A straight line
 is the shortest distance between two points," has been in error.
 We believe the advances in regard to the foundations of
 elementary geometry make timely the rejection of this piece
 of decay from the body of the elements, and that the time is
 ripe for the return at this point to the pristine purity of Euclid.
 If any additional argument were necessary in reference to
 a matter so palpable, we have it in the fact that the French
 themselves have repudiated this pseudo-definition introduced so
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